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THE SYNTHESIS OF BILINEAR SYSTEMS WITH
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Moscow
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The optimal control of bilinear systems with delayed control and coordinates is synthesized by
reduction to a solution of a linear boundary-value problem. A biological example is given. The optimal
control of bilinear systems where only the phase coordinates were delayed was studied in [1].

1. STATEMENT OF THE PROBLEM

CoNSsIDER a bilinear system with after-effect

X(£)= Ao(@OX (D) + A (OX(t ~ h) + A (Du(t ~ hy) +
+ADX@) +BOu(), 0<:<T, X(1)ER", u€R 1.1)

The elements A, A, and B are piecewise-continuous bounded functions, the delays 4 and A,
are positive, and the time 7 >0 is specified.
The initial conditions have the form

Xo=¢EC[—h,0], u0=‘p€D[—'hls0] (1.2)

where C[-h, 0] is the space of continuous functions in the interval [-h, 0], D[-h,, 0] is the
space of piecewise-continuous bounded functions with uniform metric, the functions ¢ and y
are specified; X, = X(t+06), -h<0<0; u,=u(t+{), -h,<{=<0.

System (1.1) can be considered for A, (t)=0 if one makes the change of variable X =Z(t,
0)Y, where Z(t, s) is the matrix of the Cauchy equation X°(t)= A,(t)X(t). Henceforth we
assume that A,=0.

The quality criterion has the form

J=X"(T)N, X(T) + {T [X'(ONL (DX () +u' (ONo (Du(?) +

+F(t, Xpup)ldt, No>0 1.3)
where the prime denotes transposition and the N, are non-negative definite piecewise-contin-
uous bounded matrices.

The continuous non-negative functional

tPrikl. Mat. Mekh. Vol. 57, No. 1, pp. 32-40, 1993.

37



38 V. B. KOLMANOVSKII and N. 1. KOROLEVA

F:RX C[~h,0] X D[~A;,0] >R

the specific form of which is derived below, is obtained using the generalized work criterion
[2], modified for systems with delay [3]; it enables one to reduce the Bellman equation to a
linear equation.

An admissible control is any piecewise-continuous function w:{f,, 7]— R such that for any
(t, o, w)elt,, T}xCl-h, 0]xD{-h, O] a solution of Eq. (1.1) exists in the interval [¢, T} with
initial conditions X, =¢, 1, =y under the control u. The set of all admissible controls is
denoted by W,

The optimal control problem consists of determining the admissible control which
minimizes the quality criterion (1.3).

2. OPTIMALITY CONDITIONS

We determine the Bellman functional V:[t,, T]xC[-h, 0]xD[-h, 0]—> R in the following
manner. Suppose X(-;1, @, ysu)ft, T} > R", (teft,, T], ¢eC|-h,0}, ye D[-h, 0], ueW) isa
solution of Eq. (1.1) under the control ¥ and with initial conditions X(t+9; 1, @, v; 1) =@(6),
-h=6=<0, ut+)=w(), -h,<s{=<0.

We put X,{t, @, v; W)= X1+ 1, ¢, v; w):[-h, 0] R".

Then

Vit, o, w)= inf (X' (Trt0,9;u) N\ X(T; 1,0, Y5 u)+
vew

+? X'(s5t, 0, U N2 ()X (s 1, 0, U5 u) + 1 (5)No (8)u (s) +
+ F(s, Xs(t, 0, ¥ u),ug)ds}

We note that the Bellman functional does not usually depend on the control. However, for a
system of the form (1.1) with delay in the control device the minimum value of the quality
criterion (1.3) depends uniquely on the preceding values of the control.

We introduce the operator

LVt o V)=
— 1
=Ali—rﬁ)+ Z[V(HA, Xaltovsu), v, )=Vt 0 ¥)]

Here v,,, is a control equal to u in the interval [¢, 1+ A] and equal to y in the interval
[t+A-h, t]. We note that the operator L,V is the total derivative of the functional V(t, ¢, ¥)
along the trajectory of system (1.1) under the control u.

Standard application of the dynamical programming method leads to the following
optimality conditions.

Theorem. Suppose there exists a functional
Vo : [to, T} X C{~h, 0} X D[-hy,0}] =R
satisfying a local Lipschitz condition, and a functional
uo : [to, T} X C[—h, 0]} X D[~h,, 0] >R
satisfying the Carathéodory condition, such that

inf ®;t, ¢, ¥)=PWo;t, ¢ V) 2.1)
u€ER
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@; 1,0 V)= [L Vo(t, 0, ¥) @' (ON2(1)p(0) +u'No(t)u + F(t, v, ¥)]
Vo(t, o ¥)= ¢ ' (0)N1(1)v(0) (22)

Then u(t, ¢, y) is the optimal control, and V,(¢, ¢, y) is the Bellman functional in problem
(1.1)-(1.3).

Remark. The given optimality conditions also remain true when ueR™. Here A is a tensor with
components aj, the product AXu is a vector with components

Za;, (i=1,...,n)
hi

and the infimum in (2.1) is calculated over the vector parameter u e R".

3. CONSTRUCTION OF THE SOLUTION

We will look for a solution of problem (2.1), (2.2) in the form

Volt, . 9)= ¥ OPORO) +'0) I 0t TIo@)dr +
0 00
+ T Ndre@+ | ] S ORC T 10 ¢ )drdn +

+ ¢’(0)_Z L, o)V (0)dp + _Z V' (0)L'(t, p)dpe(0) +

1

+ _?,, h?kP'(T)K(t, 7, D) (p)drdp + _?,, —{0 VO T p)e(r)drdp +

+_z T 0 (0IM(, 0, p1)V (p1)dpdpyr, P()>0 31)

1 hl

All matrices in (3.1) are assumed to be piecewise-continuously differentiable bounded
functions. We substitute (3.1) into expression (2.1) and find the control i, giving the infinum.
We obtain

uo(t, 0, V)= —NG* (1) { [C'()P() + L' (1, 0)] 9(0) +
+ (Kt 7,00+ C'OQE D) o(r)dr + 2 M, 7,00+ COLE DY P} (32)
—h ~h,

CO=A®e ) +B@1)

In functional (2.1) we now put
F(t, X u))=No' (DL [C'(OP@)+ L' (2,00 X (2) + _?h [K't, 74,0)+
+C(OQ DX +7)dr + z [M'(t, 7,0)+ C'()L (1, )] u(r +)ar } 2 33)

To determine the coefficients of the functional V, we substitute (3.1)-(3.3) into (2.1) and
(2.2) and set to zero the coefficients in front of the corresponding quadratic forms of the
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variables ¢ and y. We obtain the system of equations

PO+ Q0+, 0)+N,(H)=0

3 2
(5‘;* é;) Q@ 1)+ R(,0,7)=0 3.4)
g ’ R 0 (a 2 2 YK(,T,0)=0

PO LT, =v\——-- BTy P)=

Gt "o TR G Ty T P

22 i YM( )=0, ( 22 )L, p) +K(t,0,0)=0

- = tl ) = ) — ;p 3 s =
Gr 7 o MEPn ar  dp

0<t<T, —h; <p, p; S0, ~h<7,7; <O

Setting to zero the quadratic forms of the variables X(t—h) and u(t—h) we obtain the
boundary conditions

P(T)=Ny; Q(T, 1)=R(T, 7,71)=L(T, p)=K(T, 7, p)=M(T, p, p1) =0

- <p,py <0, ~h<7,7, €0;

—Q(t, ~h)+ P(NA,(1)=0, R 1,p)=R'(t, p,7)

~R(t, -h, 1)-R'(t, 7, ~h) + 24, (1)Q(t, ) =0 (3.5)
~L(t, ~hy) + P(A2(1) =0, —K(t, ~h, py) +AL(OL(, p1)=0

~K(t, 1, ~h)+ Q'(t, NA2(t)=0

—M(t, ~hy, p) — M (1, p, ~h) +245()L(L, p)=0

M, p,p)=M'(t, 01,p0), 0<t<T, —h;<p,p; <0, -h<71,7, <0

Under the assumptions adopted a unique solution of problem (3.4), (3.5) exists [4] in the
class of piecewise-continuously differentiable bounded functions and P(f)=0. Hence [3] in
some neighbourhood of the initial point ¢=0 a solution of problem (1.1)-(1.3) under the
control (3.2) exists. This solution can be extended over the entire interval [0, T (which
indicates the admissibility of the control 1,, and consequently, its optimality).

Indeed, since by (2.1) the total derivative of the functional V, is non-positive under control u, because
of system (1.1), we have

Vot X1, o) < Vo (0,0, ¥)
From this and from (2.1) it follows that

t

July (IN () (XS < 2V (0, ¢, ¥), 4o (5) =, 6, X Ugy)

0

Since the matrix N,(s) is uniformly positive definite, then for some constant C

t
ful(s)ds < CV, (0, ¢, ¥)
0

Thus, in any interval [0, ¢] in which a solution of problem (1.1)-(1.3) under control u, exists, this
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control is uniformly square-integral with respect to ¢ along the solution. Then the trajectory of X
corresponding to u, is a solution of the linear equation (1.1) (with u replaced by u,) whose coefficients
are square-integrable in [0, T']. Hence the solution X(¢) of problem (1.1)~(1.3) under the control u, can be
extended over the entire interval [0, T'].

Thus, the solution of the original optimal control problem reduces to the boundary-value
problem (3.4), (3.5) and is given by formulae (3.1) and (3.2).

We will first of all consider a special case in which the solution of problem (3.4), (3.5) can be
represented in analytic form. We assume that system (1.1) only has a delay 4, in the control

X' 0= [AOXO+BOIu@) + A2 (Qu(t — hy)

In this case, the solution of the corresponding Bellman equation (2.1), (2.2) has the form
1 r 0
Volt, 0, ¥) =9 (0)P(t)p (0) + v (0)_{' L@t p)V (p)dp +

+ TG p)dpo©+ | T V' GIMG p,01)¥ (o1)dodoy

1 1

The optimal control u,(t, X,, U,) by virtue of (3.2) is given by the formulae
Uo(t; Xe» Ugs) = —Na' @) [(A(DX + B POX (1) +
0 0 ,
+ { L(t, p)Uo(r + p)dp) + { M(t, 0, p)Uo(t +p)dp + L'(t, 0)X(2)]
—hy —Ry
The matrices P, L and M are defined as solutions of the equations

PH+N@p=0, O0<:<T

3 d
(— — 3—;)[,(1‘, p)=0, -~h<p,p1<0

ot

a 0 ]

— e e — Y M(t, P, =0 3.6
e L LX (36)

with boundary conditions

P(D)=Ny\, L(T, p)=0, M(t, p,p1)=0, 0Kt<T, -h <p,p <0
P()A2(t) - L(t, -h1)=0 3D

The solution of the boundary-value problem (3.6), (3.7) has the form

T
P(O=Ny +[Ny(s)ds, OKt<T
t

Pit+tp+h At +p+hy), t+p+h <T,
L(t.p)=[
0 ,t+p+h, 2T,
At +p+h )P +B+h))A(t+p+hy), w<O
M(t,p,p1)={
0 , w=0
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w=max(t+p+h, ~T, t+p, +hy — T), f=max(p, p1)

We now turn to the general case (3.5), (3.5). We represent the solution of problem (3.4),
(3.5) as the sum of two solutions: the first is for N, =0 and an arbitrary matrix N, =0, and the
second is for N, =0 and an arbitrary matrix N, =0.

The first solution (for N, =0) has the form

P@)=b"(ON, b(®), Q(t, 7)=-b'(ON b (t+7)
R, 1,71)=b"(t+7)N,b’(t+1,), 0<t<T, -h<7,7,<0
L(t, p)=b'(ON1b1(t + 0 + 1), K(t, 7,p)= —b'(t + T)N1b1 (£ +p + 1)

‘ 3.8
M(t, p,pr)=bi(t+p+h )N by (t+py +hy) 3.8)
b(t+p+h)A,(t+p+hy), t+pthy <min(T, p+h)
bi@+pthy)=
0 , t+p+th>min(T, p+hy)
The matrix b(t) is a solution of the Cauchy problem
b'()=-b(t+MA(t+h), bT)=I b(E)=0, s=T
To construct the second solution (for N, =0) we put ¢, =T—-ih (i=0,1,...) and determine
the functions L,, M,, A, and A,. For 1., <t <, the function A,¢t+7+h)=0if —t+1,,<7<0

and A,(t+t+h)=A(t+7+h) if -h<t<-t+1,, Similarly, A,t+p+h)=A,(@+p+h, —h=<
ps—t+t,; AQ+p+h)=0if —t+1, <p=<0, 1, st=<y. Finally, M,(t,, t+p-1t, p)=0, L,
t+p-t)=0, Ki(t, 7, t+p—1)=0if -hy <p<-t+t,,and K\(t;, 7, t+p-1)=K(, T, t+p~1),
Ml(tia t+p—t, p)=M(t,-, t+p-t, P), Ll(tn t+P‘t:)=L(tn t+p-—t‘)=0 if —t+ti+1sp$09 La<s
t<t,

Then for t,,, <t <t, we have the recursive relations

P =P(t)+ }iNz (s)ds + ? [Q@ti, )+ Q'(t;, s)] ds + ? (} R(1, 5, a)dsda
t t—t;

t—t;t—t;
0 D=1PE)*+ | Na(5)ds + T o, sds + , ‘}t Q' (e, s)ds + (39)
t+7+ t—t; — i+ r

0 0 u
+ [fda [ R(s, a)ds]Ag(t+‘r+h)+Q1(t,-,t+‘r—t,-)+tftRl(t,-, 5, 14T~ 1;)ds

t—t; t—tijp1tT i

Here

Qi(ty, T+t -t)=Q(, T+~ ;)
Ri(t;, T+t —t;,71)=R(@t;, T+t = t;, 1), —t +tiyy ST<0and Q1 (t;, 7 +1-1;)=0
Ri(t;, 7+t —¢;,71)=0, —~h<€r < ~t+1;,y; ~h<71 K0, t;y SISY

R(t;, T +t~t;, p+t=t), tiy) St<t;,~ 1+ ST, 71<0

Ry(ti,r+t—t;, 1y +t1-t)= .
20,7 T ) 0, if at least one of the arguments does

not lie in the interval [-2+¢,,,, 0]
Then

R 7, r)=Abcrrem) Na@)ds + Pt + oo s+

tth+max(r,7, t—ti+1+7,
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+ § Qys)ds+ f de ] RQs a)ds|As( T th)+

t—ti 47 t—tis)+T  t-lip 1T,
Q
+ASE+T+R)[Q tr T — )Y [ Ryt s ttT—t)ds] +
t—tip 1 7T

0
+[Qi(ti 47 ~1)+ [ Ri(t, t+7 1, 8)ds]As(t+T th)+
= tir1*7,

+Rz(ti, t+7 -~ tl’ t+ Tl - tl) (3.10)
We then have
. i o 0
L, p)=[ [ No(@)ds+P(t)+ [ Q'(tp, )ds+ [ Q(ty, )ds +
t+p+h, t—-t; t—tipytp

0 0
t S da [ R(y s a)ds]Aa(ttpthy)+Ly(t, t+p—t)+

-t =t 1tp

0
+ f Ky (t‘r, s, t+p-— t;)ds (311)
t—1;
t; 0
K(t 7,0)= A5(t+7+h) [ N@ds+PE)+ [ Q@ s)ds+
t+max(r+h, p+h, )’ t—tir1tp

+ fo Q'@ s)ds + } do ? R(t;, s, a)ds] Aq(t +p + hy) +

t~tiy1+7T =t +7  t=1p1tp

(4]
+ A3+ L, t+p 1)+ [ Ki(ti,s t+p—t)ds] +

t—ti ) +T

0
+[Q1Cp t+T—t)+ [ Ry(tps t+1—1)ds] X

=ty 1tp
XAg(t+p+h))+K,(t;, t+7 ~t;, t+p+1) (3.12)
Finally
r ti 0 !
M(t, p,p1)=Aat+p+hy)| J Ny@)ds +P(t))+ [ Q1 s)ds+
t+h, +max(p.p,) t~fip1tp

0 0 0
+ [ Q@sds+ [ da [ R(, s a)ds]Ae(t +py +hy)+ As(toth )X
t—tip1tp F=tip1tp i1 te,

0
X[Li(ty, t+py—t)+ [ Ki(ty s t+py —t)ds] +[Li(t, t+p 1)+
t—ti1+p

+ ¢ © ' (3.13)
I Ki(tus ttp—1)ds]As(t+py +h)+ My(t, t+p—t, t+p - 1})

=tir1tP,

M(t;, t+p—1;,t4 py — 1)), 8 ST, —1+14415p,p <0

. —tyt+py —t)= ;
Myt t+p =t t+py 1) 0, if at least one of the arguments p, p,

does not lie in the interval [~z+¢,,, 0]

The recurrence formulae (3.9)-(3.13) enable us to obtain a second solution of problem (3.4),
(3.5) sequentially in the intervals [r,,;, 1] (i=0,1,...). Adding this solution to (3.8), we obtain
the general solution. In particular, for T-h<t<T we have
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P(ty=N, +1f;N2(r)dr, Qt,T)=Pt+tr+MA;(t+ r+h)

R(@t, 7,71)= 43¢ +7+h)P({+h+max(7,7,))As(t+7, +h)
L(t,p)=P(t+p+hdda(ttp+h)

M(t, p,p1)=Aa(t +p + h)P(t + hy + max(p, p1) )Aa(t + py + )
K@t 7,0)= A3 +7+h)P(+max(h+71, hy +p)[Aa(t+p +hy)

4. SOME GENERALIZATIONS

The results obtained can be modified to other controlled systems. We give one of these
generalizations to a system of the form

X'(0)=A1(O)X( - h) + A, (Du(t - hy) + (A1, X))+ B(D)u(), 0<:<T (4.1)

Here the functional A:RxC|-h,, 0]-> R is measurable with respect to its set of arguments,
piecewise-continuous with respect to ¢ and satisfies a Lipschitz condition for its second
argument; X, in A(f, X,) denotes the section of the trajectory X, =X(t+1), —h,<t<0.

The solution of Eq. (4.1) is governed by the initial conditions (1.3) and X, = ¢ € C[-max(#h,,
hy), 0.

The quality criterion has the form (1.3) with functional F given by (3.3), throughout which
C(1) is replaced by A (¢, X,). The optimal control has the form (3.2) with C(t) replaced by A(T,
®). The Bellman functional (3.1) stays unchanged. In particular, it follows that although the
optimal control and trajectory depend on h,, the functional (3.2) does not depend on it. This
means that for 4 =0 the optimum value of the quality criterion does not in general depend on
the values of the initial function @(s), s<0, although both the trajectory and the optimal
control depend on it strongly.

5. EXAMPLE

Consider a model of a controlled process of the microbiological growth of bacteria in a closed vessel
under the condition that transfer of nutrients from one point to another occurs over a finite time together
with the production of output material. Such a process is described by a bilinear model with delay in the
control which is the rate of supply of nutrients into the bioreactor

m*(t) = y(Ohm @) — U@m) —m(e — 7) + u, QU - p) (
5.1)

)
Sty = —Emm(t) ~ UOSE) + S,UE) + u, YU ~ )

3

Taking into account the interaction between the cellular material with the nutrient medium, the first
equation characterizes the balance of microbiological mass in a closed vessel, and the second describes
the production process for the product being synthesised. In the model (5.1) being considered we use the
notation of [5]: m(f) is the microbiological mass concentration of the bacterial culture, S(¢) is the
concentration of output product, U(t) is the rate of supply of nutrients required to support bacterial
activity, «¢) is the growth rate coefficient of the cellular mass, K, is the growth rate parameter of the
output product, m(t—7) is a term describing the loss of bacterial activity after a finite time 7, S, is some
constant concentration of output product, U(T - p) is the rate of supply of nutrients at an earlier time for
supporting bacterial activity, and p,()U(r- p) and p,()U(t~p) are, respectively, the concentrations of
nutrients in the biomass and in the output substratum at an earlier time.

At the initial time ¢, there is an injection of bacterial mass into the closed vessel, and so it is natural to
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iy

Fic. 1L

assume the absence of an output substratum and microbiological mass from the nutrient medium up to
time ¢,
S(t,)=0
my=m,, m@,+8)=0, ~r<6<0 52
U@, +9)=0, -p<9<9

Under these conditions one should reach a specified level of output product §, in a finite time and with
minimum consumption of nutrients. We choose a quality criterion appropriate to the problem in
question, of the form

T
J=8, ST~ 8§,)° +8,m(T)* + 1; (5@~ 8,0 +alP () + F(t, 8, my, Up)yds (5.3

L]

Figure 1 shows the phase trajectories for m(t) and §{f) under optimal control constructed by the
method proposed for the modified quality functional.
The problem was solved numerically for the following parameter values

1,=0, T=3,7=1, §,=35, 5, =15, p=02,
K, =52, y@®)=005, 8,=,=1, a=1,m, =10

The graph shows that § and m tend to the specified values.
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